IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 58, NO. 7, JULY 2010

2345
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Abstract—Fundamental limitations are presented on the performance of artificial magnetic materials based on the geometrical
and physical characteristics of the inclusions comprising the
medium. The permeability and magnetic susceptibility of the
medium are formulated in terms of newly defined geometrical
and physical parameters. Based on the Lorentzian form of the
effective permeability function of the medium, it is shown that
the flatness of the permeability function is limited by the desired
operational bandwidth. Also, by applying a specific circuit-based
model for inclusions, geometric invariant fundamental constraints
are derived. It is shown that inclusions with larger surface area
result in higher value of permeability. Next, the magnetic loss tangent in the medium is expressed as a function of the newly defined
geometrical and physical parameters. It is found that there is a
tradeoff between increasing the permeability and decreasing the
loss on the one hand and reducing dispersion, on the other hand.
Index Terms—Artificial magnetic material, electrically
small resonators, magnetic loss tangent, magnetodielectric,
metamaterial.

I. INTRODUCTION
N MICROWAVE and sub-microwave frequencies, naturally-occurring materials are limited to certain levels
of polarization and magnetization. Even if certain levels of
magnetization and polarization are achievable, however, the
materials suffer from high electric and magnetic loss. For
example, ferrite composites are strongly magnetized yet they
suffer from appreciable magnetic loss and high resistivity in
the microwave frequency range [1], [2]. Due to these limitations, artificially engineered materials, also referred to as
metamaterials, are designed to provide specific permeability
and permittivity over microwave frequency ranges [3]–[6].
Artificial magnetic media (AMM), which are produced by
an ensemble of small metallic looped inclusions organized
periodically or aperiodically, exhibit magnetic behavior when
exposed to an applied electromagnetic field.
To obtain enhanced magnetic properties, different inclusions
have been proposed having various geometrical configurations
[4]–[6]. Each proposed structure provides its own advantages
and disadvantages in terms of resultant permeability, dispersive
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characteristics and dissipation factor. The single and coupled
split-ring resonators (SRR), the modified split-ring resonators
(MSRR), and the “Swiss Roll” resonators (SR-R) are among
popular configurations. In [5], a new configuration named metasolenoid was proposed with the potential to provide higher permeability compared to SRR and MSRR configurations. In [7],
the n-turn spiral resonator (n-SR) configuration was introduced,
and in [8] new inclusions based on fractal Hilbert curves were
proposed to reduce the size of inclusions.
A number of analytical models were developed to explicate
the physics behind the peculiar characteristics of AMMs [4],
[6], [9], [10]. When the periodicity and the size of the inclusions are small compared to the wavelength, electromagnetic
mixing formulas such effective medium theory (EMT) and homogenization theories (HT) can be used to derive the effective
permeability and permittivity for composite media [11]. Using
the EMT technique, Pendry et al. calculated the effective permeability of a medium containing looped metallic inclusions
such as metal cylinders, Swiss Rolls, and SRRs and showed that
negative permeability can be obtained in microwave frequencies
[4]. EMT allows identifying the average field propagating inside
a composite medium with respect to the field propagating inside a homogeneous medium with the same effective electrical
characteristic [12].
The circuit-based models of metamaterials, especially artificial magnetic materials, have been developed to capture either
the behavior of the entire composite medium or the behavior of
the separate inclusions [5]. These models, which depend on the
geometry and dimension of the inclusions, have been proposed
to describe the magnetic behavior of the inclusions rather than
the electric behavior.
Different shapes of inclusions have been studied in the literature. The SRR consists of two concentric metallic broken rings
printed on a dielectric circuit board. Marques et al. presented
a quasi-static study of the SRR by proposing a circuit model
for the capacitive behavior of the inclusions [6]. Sauviac et al.
and Shamonin et al. proposed more accurate models for SRR
inclusions [9], [13]. Sauviac et al. used a detailed circuit-based
model to extract the magnetic and electric polarization of the
SRR [9]. Shamonin et al. expanded a set of differential equations describing the current and voltage distribution in SRRs
[13]. Most recently, Ikonen et al. offered a generalized equivalent-circuit model which mimics the experimental permeability
function [14].
The unique properties of metamaterials have encouraged researchers to use metamaterial slabs in various microwave applications including using metamaterials as a substrate or a superstrate for enhancing low-profile antenna performance [15],
[16], as a probe for the near-field imaging [17], or for shielding
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applications and microwave absorbers [18]–[20]. In [15], extensive research was done on the performance of developed engineered magnetic materials when used for antenna miniaturization. It was shown in [8] that new inclusions can provide lower
dispersion, nevertheless, high magnetic losses persist. In [21],
the effective properties of the medium are expressed in terms of
the Q-factor. It was claimed that by measuring the Q-factor of
a single fabricated SRR, the effective permeability and permittivity of an AMM can be estimated to better than 20% accuracy.
In addition, in [21], a lower limit for the magnetic loss tangent
was proposed for frequencies up to about 1 GHz.
This work aims to establish a relationship between the design
specification of inclusions and the performance features of artificially engineered magnetic materials. The parameters that play
a role in the effective permeability and its variation with respect
to frequency are classified into physical and geometrical variables. Physical variables are parameters which are restricted to
(a) fabrication techniques such as the width and height of the
printed conductor on the board (i.e., trace), (b) structural characteristics such as space between parallel printed lines, the entire size of structure and its unit cells, and (c) electrical or material characteristics such as conductivity of the conductor and
the permittivity of the host medium. Geometrical parameters,
on the other hand, include the inclusion’s shape and a contour’s
perimeter, area and curvature. In this work, we derive a general relationship which relates the effective permeability of the
structure to the physical and geometrical variables of the inclusion. Moreover, we study the sensitivity of an AMM’s magnetic
properties such as the permeability function, the magnetic loss
tangent (MLT) and dispersion with respect to variation of the
geometrical and physical parameters.
In this work, a circuit-based model is used for calculating
the magnetic behavior of inclusions and the slab itself. The circuit model developed considers the capacitance between the
pairs, ohmic resistance of the inclusions and the inductance created due to the circulating current excited on the inclusions. Although more elaborate models proposed in literature [9], [14]
consider more circuit components such as the capacitance of
the inclusions gap, inductance of the metallic routes and mutual induction between adjacent inclusions, it has been shown
that the general functionality of the effective magnetic behavior
of inclusions will not change [4], [5]. Thus, our derivations and
conclusions, in essence, are general, and they can be applied for
any application and design. It is worth noting that in this work,
we only considered the magnetic loss, however, the total loss in
the medium can be comprised of electric and magnetic losses.
This paper is organized as follows: In Section II, a general
circuit-based model is developed to calculate the effective permeability of inclusions. In Section III, an explicit relationship is
derived to connect the deviation in the relative permeability to
the relative bandwidth of the artificial magnetic medium, thus
predicting a fundamental restriction on the operational bandwidth based on the permissible variation in the permeability.
It is shown that the achieved restriction is general and does not
depend on the shape of the metallic inclusions. In Section IV,
the effect of the geometrical and physical parameters on the permeability and its variation with respect to frequency is studied.
Section V provides concluding remarks.

Fig. 1. A metamaterial slab (an artificial composite of metallic inclusions).

II. PROBLEM FORMULATION
Various geometrical patterns have been proposed to develop
artificial magnetic materials [4]–[6]. The key idea to produce
magnetic properties is to generate a circulating electric current
that mimics a magnetic dipole. The current circulation occurs in
a metallic contour leading to increased magnetic flux. To generate a capacitive property, another metallic contour is positioned adjacent to the first contour. The coupling between the
two contours creates capacitance between them leading to a net
effective increase in the permeability. The resultant capacitance
and inductance create the potential for resonance at a certain frequency, henceforth referred to as the resonance frequency.
Fig. 1 shows an artificial magnetic medium composed of periodic unit cells of generic rings. The ring resonator in a unit cell
can be an n-turn spiral or multiple split rings. The rings provide
different coupling schemes, namely edge-coupled if the rings
are concentric in a plane, and broadside-coupled if the rings
are parallel along their axes. Fig. 2(a) shows a two-turn spiral
ring resonator, Fig. 2(b) shows split ring resonators which are
edge-coupled, and Fig. 2(c) shows split ring resonators which
are broadside-coupled. Fig. 2(e) and Fig. 2(f) show a cross section of edge-coupled and broadside-coupled ring resonators, respectively. The artificial magnetic medium is then created by
reproducing the contour in a periodic fashion, infinitely spread
along the x, y, and z axes.
width of
The unit samples in Fig. 2 have the height of
and depth of . The area of each cell is
, and its
. The area and circumference of
volume is
the contours are denoted by and , respectively. The conductor
material used in printed inclusions is assumed to have electric
conductivity of , width of , and height of . Without loss of
generality, we assume the other (twin) conductor is positioned
either to the inside and follow the shape of the outer conductor
with the uniform gap (see Fig. 2(e)) or parallel to the former
and separated by a distance of (see Fig. 2(f)).
is apWhen an external monochromatic magnetic field
plied, it induces a circulating current on the metallic inclusion.
develops.
As a consequence, an induced magnetic field
Based on Faraday’s law an electromotive force,
, develops
on the metallic rings given by
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sions. Accordingly, the induced
dropped over any inclusion can be expressed by the impedance of the rings and the
induced current on the inclusion as [5]
(5)
where the effective impedance of the loops has been modeled
with a resistor, , in series with a capacitor, . The skin depth
of the conductor determines the relationship between the resistance and the frequency. Therefore, is given by:
(6)

Fig. 2. Configuration of a unit cell of an artificial magnetic material with arbitrary shape of the inclusion. The inclusions’ contour, area and perimeter are
denoted by 0; s, and l , respectively. However, V and A represent the volume
and surface area of the unit cell. (a) Two-turn spiral inclusion, (b) edge-coupled
double split ring resonator, (c) broadside-coupled double modified split ring resonator, (d) a cross section of an edge-coupled inclusion, (e) a cross section of a
broadside-coupled inclusion.

where
and
are the magnitude of the vectors
and
, respectively, is the induced current, is the number of
wire turns that carries the induced current (
for Fig. 2(a)
for Figs. 2(b) and (c)) [5], is the frequency
[16], and
is the permeability of air.
of the applied external field, and
The inclusions are also distributed in the y-direction (along their
axis), and, thus, the produced magnetic field in each column
passes through the other inclusions of the same stack. For evaluis considered to be smaller than the
ating the magnetic field,
largest dimension of the inclusion. Therefore, each column of
inclusions in the y-direction can properly be modeled as a solenoid with the magnetic field given by (2).
In an artificial medium, the effective magnetic susceptibility,
the degree of magnetization of the medium in response to an
applied magnetic field is defined as

where is the number of wire turns which contribute to ohmic
for case (a), (b) and (c)], and
is
losses [

The relative permeability of the conductor in (6) was considered
to be 1. Also, is given by
(7)
, and
are defined as the per-unit-length resistance and
the per-unit-length capacitance of the inclusion. The per-unitlength capacitance, for the edge-coupled inclusion can be expressed as [22]
(8)
and for the broadside-coupled inclusion as [5]
(9)
where

is the relative permittivity of the host substrate, and
is the elliptical integral of the first kind

(3)

(10)

where
is the magnitude of , the magnetization vector of
the medium. Magnetization is defined as the magnetic moment
per unit volume. In this case, the magnetic dipole moments are
in phase with the external magnetic field yielding a magnetized
medium where the effective magnetic susceptibility is larger
than zero (or the effective permeability is larger than unity).
The magnetic dipole moment of inclusions can be simply derived as1

It is worth noticing that in the case of metasolenoid [5] the
gap, , between the parallel inclusions is equal to the unit cell
height, .
Equating (1) and (5), and using (3) and (4), the effective magnetic susceptibility can be expressed as

(4)

(11)

To derive an explicit relation for the magnetic susceptibility
based on physical and geometrical characteristics of the inclusion-filled medium, we propose a circuit model for the inclu1In previous works [5], [8] the magnetic dipole moment was incorrectly expressed as m
=  nI s.

where the inductance, , is defined as
(12)
and

is the per-unit-area inductance of the inclusion.
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Substituting the resistance, inductance and capacitance from
(6), (7) and (12) in (11) results in an expression for the net magnetic susceptibility as a function of the geometrical and physical
properties of the contour
(13)
As observed in (13), the susceptibility is related to the
perimeter and area of the contour. Thus, inclusions with
different topologies but having the same perimeter and area,
result in the same values for the magnetic susceptibility and
permeability (assuming all other physical parameters remain
constant). Equation (13) can be rewritten as

In (19), depends on the resonance frequency , as well
as the physical properties of the design such as the permittivity
of the host substrate, , width of the metal strips, , and space
between the strips, , (in edge-coupled inclusions) or gap, ,
between parallel contours in a unit cell (in broadside-coupled
inclusion) and the resistance. By factoring the frequency-related
parts, the physical parameter can be expressed as
(21)
where is related only to the physical parameters (conductivity
of inclusion, width and height of route of an inclusion, and permittivity of host medium), and is expressed as

(22)
(14)

where

are defined as

The circumference and area of the contour, however, are not
independent parameters. They are related according to the following relation:
(15)

III. FUNDAMENTAL LIMITATIONS ON FREQUENCY DISPERSION

Hence
(16)
where the frequency
is considered as the resonance frequency of the artificial magnetic medium.
Considering (16), grouping all the physical parameters into
one parameter , and defining as the normalized frequency
) (14) can be
(with respect to the resonance frequency
rewritten as
(17)
and is the fractional area of the cell occuwhere
pied by the interior of the inclusion given by
(18)
and

Note that
is expressed as the multiplication of a freand a simple function of the
quency-invariant coefficient,
resonance frequency which is typically specified in a given
design problem.
As a summary, we have derived generalized expressions for
the permeability and susceptibility governing the behavior of
composite engineered magnetic materials with any arbitrary
shape of inclusion. To generalize the expression for use in any
frequency range, it is expressed in terms of the normalized
angular frequency . Therefore, for any structure, calculations
and
are sufficient to obtain the effective magnetic
of
behavior.

is defined as

Artificial magnetic materials are designed to provide enhanced positive permeability over a specific range of frequencies. For most of applications, it is desirable to have a uniform
permeability over the range of frequencies of interest, however,
due to the resonating nature of inclusions, the permeability
resulting from engineered magnetic materials changes rapidly
with frequency [4], [5]. The variation with frequency will result
in dispersion leading to limited if not poor performance in
many applications related to antenna miniaturization and gain
enhancement [15]. In this section, the fundamental limitations
on frequency dispersion reduction in the design of artificial
magnetic materials are investigated for the lossless case where
the conductivity of the conductor is assumed infinite and for
the case where Ohmic losses are present.
A. Lossless Case
A typical response of an artificial magnetic medium is shown
in Fig. 3. By assuming zero resistance in the metallic inclusions,
the resultant susceptibility of the lossless case, from (14) and
(16) will be a real number and is equal to

(19)
(23)
Using (17), the effective permeability can be written as

(20)

and
as the lowest and highest operational
Assuming
, and
as the resultant permeability
frequencies
at these frequencies respectively, we are seeking a general rela, and,
. (Since
tionship between,

Authorized licensed use limited to: University of Waterloo. Downloaded on July 21,2010 at 14:45:05 UTC from IEEE Xplore. Restrictions apply.

KABIRI et al.: ON THE FUNDAMENTAL LIMITATIONS OF ARTIFICIAL MAGNETIC MATERIALS

2349

or equivalently
(28)
Since the ratio of
is always less than one,
the limit achieved in (28) is even stronger than that of (26).
Therefore, the change of susceptibility with frequency is even
more rapid than the square of frequency.
By defining mean permeability
and central frequency ,
respectively, as

Fig. 3. A typical response of an artificial magnetic medium showing the effective permeability as a function of normalized frequency.

the engineered magnetic materials are designed to provide perare chosen
meability higher than one, the frequencies and
to be less than the resonance frequency .)
and
we have
Enforcing (23) at

and
and
as the deviation of susceptibility and permeability, respectively, (28) can be rewritten as
(29)
In many application
and
. Using these
conditions, (29) can be simplified using first-order binomial expansions as

(24)
(30)
Solving the system of equations (24) for

yields
(25)

Recall that since is the fractional area occupied by the interior of the inclusion in the unit cell, is bound by unity. Satleads to restrictions on the
isfying the conditions of
susceptibilities at two selected frequencies. For the first condition
, it is clear that the permeability is larger than one
and therefore the susceptibility is positive for all frequencies less
and
). Consequently, since
than , (i.e.,
, we have
(26)
The above equation shows an interesting constraint which
limits the ratio of the susceptibility at any two arbitrary frequencies to the square of the ratio of those frequencies. Another interesting observation is that the relationship given in (26)
is independent of both physical and geometrical characteristics
of the designed inclusion. Any effort to improve the frequency
bandwidth of the resultant permeability is strictly confined to
, then
this limitation. As an example, suppose
cannot be less than 9.
, we consider (25)
For the second condition, namely,
and after some algebraic manipulations, we have

(27)

Substituting (30) in (28) results in
(31)
The condition in (31) relates the deviation in the relative permeability to the relative bandwidth. Since the bandwidth BW
is inversely proportional to the mean permeability , there is
a tradeoff between maximizing the effective permeability and
broadening the frequency range in which the smooth deviation
of permeability is obtainable. In fact, for two different designs
with the same relative permeability deviation, wider bandwidth
can be achieved in the design with lower permeability.
Fig. 4 illustrates (31) graphically. For any design, the resultant bandwidth lies in the gray area shown in Fig. 4. As an exequal to 5, requiring the relative permeability deample, for
viation to be less than 1 percent bounds the relative frequency
bandwidth to 0.125%, and say, for a central frequency of 200
MHz the bandwidths would theoretically be less than 250 kHz.
, having 1% deviation in the
As a second example, if
permeability leads to a maximum of 0.5% relative bandwidth.
Although first-order terms were used in the Taylor’s expansion in (31), it can be shown that making the approximation
more accurate by including second-order terms in the expansion gives identical conclusions.
B. Lossy Case
By considering loss, the resultant permeability in (20) or the
resultant susceptibility in (17) will have real and imaginary
parts. Since only the real part affects the permeability in the
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has a second-order simple singularity at
The function
the normalized resonance frequency (i.e.,
), thus
approaches infinity as approaches one. The factor in (34) is
and all its derivaa parameter that scales the magnitude of
tives. Differentiation of
with respect to gives
(35)

Fig. 4. The relative frequency bandwidth is depicted versus the relative permeability deviation. The gray area determines the possible interval for the bandwidth. Notice that the slope is inversely proportional to the central susceptibility.

artificial magnetic medium and the imaginary part appears
only when introducing loss in the medium, the deviation with
frequency is mostly important for the real part.
In this section we study the frequency deviation of the real
part only, and in the next section the magnitude of the imaginary
part and methods and limitations to decrease it will be discussed.
As shown in Section I, the resultant permeability can be modeled as the response of an RLC circuit. It is expected that adding
resistance or loss to the system (inclusions) leads to a smoother
frequency response. Therefore, it is expected that the fundamental limits achieved for the frequency response of the permeability in Subsection III.A for the lossless case to be sufficient
for the lossy case. To show this, we consider the real part of (17)
as the resultant magnetic susceptibility of the medium. The real
part of the magnetic susceptibility is given by

In the range
, (35) is always positive, therefore,
the function increases monotonically with respect to . So, for
, we have
(36)
Using (36), (33) leads to
(37)
Simplification of (37) results in
(38)
The inequality in (38) states that the ratio of the magnetic
susceptibility at two different frequencies for the lossless case is
larger than that of the lossy case. This indicates that the magnetic
susceptibility function is flatter for the lossy case than for the
lossless case. Note that the limit achieved in (31) is independent
of the topology of the inclusion.
IV. THE EFFECT OF PHYSICAL AND GEOMETRICAL
PARAMETERS ON DISPERSION AND LOSS

(32)
Using (23), the real part can be expressed in term of the susas
ceptibility of the lossless case,

(33)

As shown in Section II, all physical properties can be summarized in one parameter, , and all geometrical properties can be
summarized in one parameter . Equation (33) gives the magnetic susceptibility and consequently the permeability in terms
of these two parameters, and . Therefore, the study of the
effect of physical and geometrical parameters on the resultant
permeability and its frequency domain behavior will be confined
to and .
A. Real Part of Permeability
Differentiation of (36) with respect to

where

gives

is defined as
(34)

and
.
The factor determines the level of loss in the medium and
therefore we call it the dissipation factor. Since frequencies
below the resonance frequency result in permeability higher
is considered to be
than one, the frequency range
the only frequency range of relevance when designing artificial
magnetic permeability that achieves enhanced positive permeability. Therefore, in the context of this work, we focus our attention on this range only.

(39)
In the frequency range of interest,

, we have
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Fig. 5. Real part of the permeability as a function of the normalized frequency,
, for different values of F . The inclusion trace is made of copper and the
dimensions are similar to those reported in [8]: g = b = 0:127 mm, " =
3:38; y = 3:028 mm, x = z = 20 mm.

Therefore, the larger , the higher the permeability. Since
is defined as the ratio of the surface enclosed by the inclusion to the total surface of the unit cell, the contours which provide higher enclosed surface lead to higher permeability. On the
other hand, the surface of the inclusion and its length are related
to each other through the resonance frequency in (15). Indeed,
they are inversely proportional at a fixed resonance frequency.
Therefore, for all inclusions designed to operate at the same resonance frequencies, the ones that provide larger enclosed surface (or larger ) and shorter total length (i.e., perimeter) will
result in higher value for permeability. Fig. 5 shows the real part
of the permeability as a function of for different values of .
Furthermore, Fig. 5 shows that an increase in leads to a larger
value of the permeability which is expected from (40).
Using (32), the real part of the permeability can be written as
(41)
In (41),
is a function of
with respect to gives

2351

Fig. 6. The real part of permeability for different values of P , the geometrical
parameter F is assumed to be 0.8. Notice that all curves are almost overlapping.

the upper frequency of interest is not close to the resonance frequency. As the resonance frequency is approached, the curves
is no longer much smaller
in Fig. 7 start to diverge and
than one.)
Table I shows three values for designs proposed earlier in
the literature. In all cases, the factor was small, even in some
cases smaller than the numbers we considered for the graph in
Fig. 6.
B. Magnetic Loss Tangent
An important parameter in designing artificial magnetic materials is the Magnetic Loss Tangent,
, which represents the
magnetic loss in the medium. In most applications, it is desirable
as small as possible. In this section, the behavior
to have
of
with respect to the geometrical and physical parameters, and , is investigated.
The magnetic loss tangent is defined as
(43)

. Taking the derivative of (41)
Using (20),

can be rewritten as
(44)

Differentiating (44) with respect to

, we obtain

(42)
(45)
. Therefore,
Notice that (42) is always negative for
by increasing , we expect the permeability to decrease. However, what is interesting is that for practical considerations, is
highly insensitive to changes in . Fig. 6 shows a plot of vs.
, for the case of
(this case was simply selected as an
example). We observe that as changes by one order of magnitude, the resultant permeability remains practically constant.
Notice that the curves in Fig. 6 are indistinguishable. This is due
to the fact that in (41), the only part that is a function of is
which is much smaller than 1. (Since
, and from (34),
it can be shown that for practical geometries such as those con. Notice that we are assuming that
sidered in Table I,

, are positive for all values
In (45), all terms except
is inversely related to [see (34)],
of and . Since
has a local maximum at a specific value of denoted as
.
is plotted as a function of for different values
In Fig. 7,
, the value of corresponding to
of and . Notice that,
, is relatively small compared to unity, meaning
maximum
that
reaches a maximum when the area of the inclusions
is small in comparison to the area of the unit cell. Since the
permeability approaches unity for small values of , it is most
desirable to achieve the highest permeability, hence, is chosen
to be greater than
.
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TABLE I
PARAMETERS OF SOME PREVIOUSLY DESIGNED INCLUSIONS

Fig. 7. The magnetic loss tangent, tan  , as a function of the geometrical parameter, F , for different values of P and .

Fig. 9. The magnetic loss tangent tan  as a function of the physical parameter,
P for different values of F and .

35 when is 0.8 and is 0.1). In addition, it can be observed
decreases.
that as approaches unity
To study the effect of physical parameters on loss, we need to
with respect to
consider the derivative of

(47)

Fig. 8. The magnetic loss tangent, tan  , as a function of
0:05.

and F , for P =

For designs with
larger than
, as shown in Fig. 7,
increasing leads to a smaller value of
. Consequently, an
optimal design is a design with inclusions whose area is close
which leads to a lower magnetic
to the unit cell’s area
, achieved at
, is
loss. Hence, the minimum value of
(46)
Fig. 8 shows a three dimensional presentation of
as a
function of
and . As shown in this figure, the maximum
occurs at the lower value of . For instance, for an
value of
inclusion with a physical factor less than 0.002, the maximum
at any frequency occurs at less than 0.2. Moreover,
of
as increases, i.e., the inclusion occupies more area of the unit
cell, the maximum moves to larger and also becomes larger
(from about 10 when and are close to zero, and more than

, the term
For a specific value of , denoted as
vanishes, and
reaches a maximum
for a certain value of and . (It is a simple exercise to show
has only one maximum within the range of . In
that
is plotted as a function of for different values
Fig. 9,
of and . As shown in Fig. 9, the maximum of
function
occurs for values of much higher than those used in practical
structures.
V. CONCLUSION
In this work, we presented fundamental limitations on the
performance of artificial magnetic materials. The formulation is
based on a circuit model that incorporates the physical behavior
of the inclusion. The permeability and magnetic susceptibility
of the media were formulated in terms of a geometrical parameter, , that represents the geometrical characteristics of the inclusions such as area, perimeter and curvature, and a physical
parameters, , that represents the physical, structural and fabrication characteristics of the medium. Fundamental constraints
expressing the effect of the relative permeability on the relative
bandwidth were derived for the lossless and lossy structures. It
is shown that the achieved restriction is general and does not
depend on the shape of the metallic inclusions comprising the
artificial magnetic medium.
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The effect of the physical and geometrical parameters, and
, respectively, on the effective permeability of the medium
and the magnetic loss tangent were studied. It was found that
increasing increases the effective permeability of the medium,
however, it also leads to increased dispersion. Increasing the
geometrical factor was found to decrease the loss. It was also
found that the physical parameter, has very little impact on
the effective permeability and dispersion; however, it affects the
loss more pronouncedly. Therefore, there is a tradeoff between
increasing the permeability and decreasing the loss on the one
hand, which results from increasing , and reducing dispersion,
on the other hand by decreasing . In other words, designing
inclusions with larger surface area (i.e., increasing ) results
in lower loss and higher value for permeability; however, this
leads to an increase in the rate of change of permeability with
frequency, thus higher dispersion.
The constraints and relations derived in this work can be used
to methodically design artificial magnetic material meeting specific operational requirements.
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