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Abstract—Fundamental limitations are presented on the perfor-
mance of artificial magnetic materials based on the geometrical
and physical characteristics of the inclusions comprising the
medium. The permeability and magnetic susceptibility of the
medium are formulated in terms of newly defined geometrical
and physical parameters. Based on the Lorentzian form of the
effective permeability function of the medium, it is shown that
the flatness of the permeability function is limited by the desired
operational bandwidth. Also, by applying a specific circuit-based
model for inclusions, geometric invariant fundamental constraints
are derived. It is shown that inclusions with larger surface area
result in higher value of permeability. Next, the magnetic loss tan-
gent in the medium is expressed as a function of the newly defined
geometrical and physical parameters. It is found that there is a
tradeoff between increasing the permeability and decreasing the
loss on the one hand and reducing dispersion, on the other hand.

Index Terms—Artificial magnetic material, electrically
small resonators, magnetic loss tangent, magnetodielectric,
metamaterial.

1. INTRODUCTION

N MICROWAVE and sub-microwave frequencies, nat-
I urally-occurring materials are limited to certain levels
of polarization and magnetization. Even if certain levels of
magnetization and polarization are achievable, however, the
materials suffer from high electric and magnetic loss. For
example, ferrite composites are strongly magnetized yet they
suffer from appreciable magnetic loss and high resistivity in
the microwave frequency range [1], [2]. Due to these limi-
tations, artificially engineered materials, also referred to as
metamaterials, are designed to provide specific permeability
and permittivity over microwave frequency ranges [3]-[6].
Artificial magnetic media (AMM), which are produced by
an ensemble of small metallic looped inclusions organized
periodically or aperiodically, exhibit magnetic behavior when
exposed to an applied electromagnetic field.

To obtain enhanced magnetic properties, different inclusions
have been proposed having various geometrical configurations
[4]-[6]. Each proposed structure provides its own advantages
and disadvantages in terms of resultant permeability, dispersive
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characteristics and dissipation factor. The single and coupled
split-ring resonators (SRR), the modified split-ring resonators
(MSRR), and the “Swiss Roll” resonators (SR-R) are among
popular configurations. In [5], a new configuration named meta-
solenoid was proposed with the potential to provide higher per-
meability compared to SRR and MSRR configurations. In [7],
the n-turn spiral resonator (n-SR) configuration was introduced,
and in [8] new inclusions based on fractal Hilbert curves were
proposed to reduce the size of inclusions.

A number of analytical models were developed to explicate
the physics behind the peculiar characteristics of AMMs [4],
[6], [9], [10]. When the periodicity and the size of the inclu-
sions are small compared to the wavelength, electromagnetic
mixing formulas such effective medium theory (EMT) and ho-
mogenization theories (HT) can be used to derive the effective
permeability and permittivity for composite media [11]. Using
the EMT technique, Pendry et al. calculated the effective per-
meability of a medium containing looped metallic inclusions
such as metal cylinders, Swiss Rolls, and SRRs and showed that
negative permeability can be obtained in microwave frequencies
[4]. EMT allows identifying the average field propagating inside
a composite medium with respect to the field propagating in-
side a homogeneous medium with the same effective electrical
characteristic [12].

The circuit-based models of metamaterials, especially artifi-
cial magnetic materials, have been developed to capture either
the behavior of the entire composite medium or the behavior of
the separate inclusions [5]. These models, which depend on the
geometry and dimension of the inclusions, have been proposed
to describe the magnetic behavior of the inclusions rather than
the electric behavior.

Different shapes of inclusions have been studied in the litera-
ture. The SRR consists of two concentric metallic broken rings
printed on a dielectric circuit board. Marques et al. presented
a quasi-static study of the SRR by proposing a circuit model
for the capacitive behavior of the inclusions [6]. Sauviac ef al.
and Shamonin et al. proposed more accurate models for SRR
inclusions [9], [13]. Sauviac et al. used a detailed circuit-based
model to extract the magnetic and electric polarization of the
SRR [9]. Shamonin ef al. expanded a set of differential equa-
tions describing the current and voltage distribution in SRRs
[13]. Most recently, Ikonen et al. offered a generalized equiva-
lent-circuit model which mimics the experimental permeability
function [14].

The unique properties of metamaterials have encouraged re-
searchers to use metamaterial slabs in various microwave ap-
plications including using metamaterials as a substrate or a su-
perstrate for enhancing low-profile antenna performance [15],
[16], as a probe for the near-field imaging [17], or for shielding
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applications and microwave absorbers [18]-[20]. In [15], exten-
sive research was done on the performance of developed engi-
neered magnetic materials when used for antenna miniaturiza-
tion. It was shown in [8] that new inclusions can provide lower
dispersion, nevertheless, high magnetic losses persist. In [21],
the effective properties of the medium are expressed in terms of
the Q-factor. It was claimed that by measuring the Q-factor of
a single fabricated SRR, the effective permeability and permit-
tivity of an AMM can be estimated to better than 20% accuracy.
In addition, in [21], a lower limit for the magnetic loss tangent
was proposed for frequencies up to about 1 GHz.

This work aims to establish a relationship between the design
specification of inclusions and the performance features of arti-
ficially engineered magnetic materials. The parameters that play
arole in the effective permeability and its variation with respect
to frequency are classified into physical and geometrical vari-
ables. Physical variables are parameters which are restricted to
(a) fabrication techniques such as the width and height of the
printed conductor on the board (i.e., trace), (b) structural char-
acteristics such as space between parallel printed lines, the en-
tire size of structure and its unit cells, and (c) electrical or ma-
terial characteristics such as conductivity of the conductor and
the permittivity of the host medium. Geometrical parameters,
on the other hand, include the inclusion’s shape and a contour’s
perimeter, area and curvature. In this work, we derive a gen-
eral relationship which relates the effective permeability of the
structure to the physical and geometrical variables of the inclu-
sion. Moreover, we study the sensitivity of an AMM’s magnetic
properties such as the permeability function, the magnetic loss
tangent (MLT) and dispersion with respect to variation of the
geometrical and physical parameters.

In this work, a circuit-based model is used for calculating
the magnetic behavior of inclusions and the slab itself. The cir-
cuit model developed considers the capacitance between the
pairs, ohmic resistance of the inclusions and the inductance cre-
ated due to the circulating current excited on the inclusions. Al-
though more elaborate models proposed in literature [9], [14]
consider more circuit components such as the capacitance of
the inclusions gap, inductance of the metallic routes and mu-
tual induction between adjacent inclusions, it has been shown
that the general functionality of the effective magnetic behavior
of inclusions will not change [4], [5]. Thus, our derivations and
conclusions, in essence, are general, and they can be applied for
any application and design. It is worth noting that in this work,
we only considered the magnetic loss, however, the total loss in
the medium can be comprised of electric and magnetic losses.

This paper is organized as follows: In Section II, a general
circuit-based model is developed to calculate the effective per-
meability of inclusions. In Section III, an explicit relationship is
derived to connect the deviation in the relative permeability to
the relative bandwidth of the artificial magnetic medium, thus
predicting a fundamental restriction on the operational band-
width based on the permissible variation in the permeability.
It is shown that the achieved restriction is general and does not
depend on the shape of the metallic inclusions. In Section IV,
the effect of the geometrical and physical parameters on the per-
meability and its variation with respect to frequency is studied.
Section V provides concluding remarks.
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Fig. 1. A metamaterial slab (an artificial composite of metallic inclusions).

II. PROBLEM FORMULATION

Various geometrical patterns have been proposed to develop
artificial magnetic materials [4]-[6]. The key idea to produce
magnetic properties is to generate a circulating electric current
that mimics a magnetic dipole. The current circulation occurs in
a metallic contour leading to increased magnetic flux. To gen-
erate a capacitive property, another metallic contour is posi-
tioned adjacent to the first contour. The coupling between the
two contours creates capacitance between them leading to a net
effective increase in the permeability. The resultant capacitance
and inductance create the potential for resonance at a certain fre-
quency, henceforth referred to as the resonance frequency.

Fig. 1 shows an artificial magnetic medium composed of pe-
riodic unit cells of generic rings. The ring resonator in a unit cell
can be an n-turn spiral or multiple split rings. The rings provide
different coupling schemes, namely edge-coupled if the rings
are concentric in a plane, and broadside-coupled if the rings
are parallel along their axes. Fig. 2(a) shows a two-turn spiral
ring resonator, Fig. 2(b) shows split ring resonators which are
edge-coupled, and Fig. 2(c) shows split ring resonators which
are broadside-coupled. Fig. 2(e) and Fig. 2(f) show a cross sec-
tion of edge-coupled and broadside-coupled ring resonators, re-
spectively. The artificial magnetic medium is then created by
reproducing the contour in a periodic fashion, infinitely spread
along the x, y, and z axes.

The unit samples in Fig. 2 have the height of §z width of §x
and depth of dy. The area of each cell is A = dzdz, and its
volume is V = Ady = éxdydz. The area and circumference of
the contours are denoted by s and [, respectively. The conductor
material used in printed inclusions is assumed to have electric
conductivity of o, width of b, and height of ¢. Without loss of
generality, we assume the other (twin) conductor is positioned
either to the inside and follow the shape of the outer conductor
with the uniform gap g (see Fig. 2(e)) or parallel to the former
and separated by a distance of g (see Fig. 2(f)).

When an external monochromatic magnetic field Hy¢ is ap-
plied, it induces a circulating current on the metallic inclusion.
As a consequence, an induced magnetic field H;,q develops.
Based on Faraday’s law an electromotive force, Vo, develops
on the metallic rings given by

Vemt = _jwlffons(Hoxt + Hind) €))
nl

Hina = yom 2
Yy
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Fig. 2. Configuration of a unit cell of an artificial magnetic material with ar-
bitrary shape of the inclusion. The inclusions’ contour, area and perimeter are
denoted by I', s, and [, respectively. However, V' and A represent the volume
and surface area of the unit cell. (a) Two-turn spiral inclusion, (b) edge-coupled
double split ring resonator, (c) broadside-coupled double modified split ring res-
onator, (d) a cross section of an edge-coupled inclusion, (e) a cross section of a
broadside-coupled inclusion.

where H;nq and Hy are the magnitude of the vectors H;, g and
H.:, respectively, I is the induced current, n is the number of
wire turns that carries the induced current (n = 2 for Fig. 2(a)
[16], and n = 1 for Figs. 2(b) and (c)) [5], w is the frequency
of the applied external field, and p is the permeability of air.
The inclusions are also distributed in the y-direction (along their
axis), and, thus, the produced magnetic field in each column
passes through the other inclusions of the same stack. For evalu-
ating the magnetic field, 0y is considered to be smaller than the
largest dimension of the inclusion. Therefore, each column of
inclusions in the y-direction can properly be modeled as a sole-
noid with the magnetic field given by (2).

In an artificial medium, the effective magnetic susceptibility,
the degree of magnetization of the medium in response to an
applied magnetic field is defined as

M
Xmeff Host 3)
where M is the magnitude of M, the magnetization vector of
the medium. Magnetization is defined as the magnetic moment
per unit volume. In this case, the magnetic dipole moments are
in phase with the external magnetic field yielding a magnetized
medium where the effective magnetic susceptibility is larger
than zero (or the effective permeability is larger than unity).
The magnetic dipole moment of inclusions can be simply de-
rived as!

Mincl = nls. “4)

To derive an explicit relation for the magnetic susceptibility
based on physical and geometrical characteristics of the inclu-
sion-filled medium, we propose a circuit model for the inclu-

ITn previous works [5], [8] the magnetic dipole moment was incorrectly ex-
pressed as miner = ponls.
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sions. Accordingly, the induced V,,s dropped over any inclu-
sion can be expressed by the impedance of the rings and the
induced current on the inclusion as [5]

1
Veomt =1 | R+ — 5
£ ( + 7w O) (5)
where the effective impedance of the loops has been modeled
with a resistor, R, in series with a capacitor, C'. The skin depth
of the conductor determines the relationship between the resis-
tance and the frequency. Therefore, R is given by:

Y R Sy T
“%(7)— b <\/ 20)—301@ ©)

where 7/ is the number of wire turns which contribute to ohmic
losses [n' = 2 for case (a), (b) and (c)], and Ry is

_"' Ho
o = b <\/ 20)

The relative permeability of the conductor in (6) was considered
to be 1. Also, C'is given by

C = Gyl 7)

Ry+/w, and Cy are defined as the per-unit-length resistance and
the per-unit-length capacitance of the inclusion. The per-unit-
length capacitance, for the edge-coupled inclusion can be ex-
pressed as [22]

F(JT=u2 %
CO:%w, w= 9
F (1) 2+ g

72

®)

and for the broadside-coupled inclusion as [5]

1 F (u, %) (rb)
r ) = h o
Cy o€ 7 (m7 %) u = tan 5% )

where ¢, is the relative permittivity of the host substrate, and
F(k, ¢) is the elliptical integral of the first kind

®
F(k,¢) = / L — (10)
0 V1 — k2sin’6
It is worth noticing that in the case of metasolenoid [5] the
gap, g, between the parallel inclusions is equal to the unit cell
height, dy.
Equating (1) and (5), and using (3) and (4), the effective mag-
netic susceptibility can be expressed as

s Jwl
Xomet = T4\ R+ jwl + X

_ s w2 LC (11
 A\1-Ww?’LC + jwRC
where the inductance, L, is defined as
712#0
L= s = Lgs (12)
oy

and Ly is the per-unit-area inductance of the inclusion.
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Substituting the resistance, inductance and capacitance from
(6), (7) and (12) in (11) results in an expression for the net mag-
netic susceptibility as a function of the geometrical and physical
properties of the contour I"

( ) 1 ( L000w282l > (13)
m\W) = — .
X A \1 = LoCow?sl + jRoCowr/w 12

As observed in (13), the susceptibility is related to the
perimeter [ and area s of the contour. Thus, inclusions with
different topologies but having the same perimeter and area,
result in the same values for the magnetic susceptibility and
permeability (assuming all other physical parameters remain
constant). Equation (13) can be rewritten as

(2) ()

)251 +j(w%0)3/2 2

Xm(w;s,1) = (14)

1—(%
wio

where W', w” o are defined as

W= ! . W= _ .
0 LOOO/ 0 (R(]O())2

The circumference and area of the contour, however, are not
independent parameters. They are related according to the fol-
lowing relation:

1 1

7 VIC VIoCosl (15)
Hence
W) 2
sl = <—°> (16)
wo

where the frequency wy is considered as the resonance fre-
quency of the artificial magnetic medium.

Considering (16), grouping all the physical parameters into
one parameter P, and defining 2 as the normalized frequency
(with respect to the resonance frequency wg) (14) can be
rewritten as

FQ?
1-Q2 4 jPF-2/Q3

Xm(; F, P) = 17

where 2 = w/wq and F is the fractional area of the cell occu-
pied by the interior of the inclusion given by

F= §$s§z - % (18)
and P is defined as
;4
P= %\/# (19)
Using (17), the effective permeability can be written as
p( F,P) =14 xm (4 F, P)
=1+ Al (20)

1—02 4 jPF-2/03
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In (19), P depends on the resonance frequency wg, as well
as the physical properties of the design such as the permittivity
of the host substrate, ¢,., width of the metal strips, b, and space
between the strips, g, (in edge-coupled inclusions) or gap, g,
between parallel contours in a unit cell (in broadside-coupled
inclusion) and the resistance. By factoring the frequency-related
parts, the physical parameter P can be expressed as

P =Kuwy 2 1)

where K is related only to the physical parameters (conductivity
of inclusion, width and height of route of an inclusion, and per-
mittivity of host medium), and is expressed as

R W (6y)?
A2L62Cy 0 (62)%(62)°by/211030Co 60, g, b, )

(22)

Note that P is expressed as the multiplication of a fre-
quency-invariant coefficient, K and a simple function of the
resonance frequency which is typically specified in a given
design problem.

As a summary, we have derived generalized expressions for
the permeability and susceptibility governing the behavior of
composite engineered magnetic materials with any arbitrary
shape of inclusion. To generalize the expression for use in any
frequency range, it is expressed in terms of the normalized
angular frequency 2. Therefore, for any structure, calculations
of P and F are sufficient to obtain the effective magnetic
behavior.

III. FUNDAMENTAL LIMITATIONS ON FREQUENCY DISPERSION

Artificial magnetic materials are designed to provide en-
hanced positive permeability over a specific range of frequen-
cies. For most of applications, it is desirable to have a uniform
permeability over the range of frequencies of interest, however,
due to the resonating nature of inclusions, the permeability
resulting from engineered magnetic materials changes rapidly
with frequency [4], [5]. The variation with frequency will result
in dispersion leading to limited if not poor performance in
many applications related to antenna miniaturization and gain
enhancement [15]. In this section, the fundamental limitations
on frequency dispersion reduction in the design of artificial
magnetic materials are investigated for the lossless case where
the conductivity of the conductor is assumed infinite and for
the case where Ohmic losses are present.

A. Lossless Case

A typical response of an artificial magnetic medium is shown
in Fig. 3. By assuming zero resistance in the metallic inclusions,
the resultant susceptibility of the lossless case, xo from (14) and
(16) will be a real number and is equal to

2

(5) 7
wo

2

- (2)

Assuming w; and ws as the lowest and highest operational

frequencies (w1 < wa), and p1, po as the resultant permeability

at these frequencies respectively, we are seeking a general rela-
tionship between, 6 = po — 41, and, BW = wy — wy. (Since

Xmo(w) = (23)
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Fig. 3. A typical response of an artificial magnetic medium showing the effec-
tive permeability as a function of normalized frequency.

the engineered magnetic materials are designed to provide per-
meability higher than one, the frequencies w; and ws, are chosen
to be less than the resonance frequency wy.)

Enforcing (23) at w; and ws we have

X1 = N2
1-(2)
oy 2 (24)
X2 = F(Laz
(=)
Solving the system of equations (24) for F' yields
2_ 2
p = (wmer) Gex) (25)

Xow1? — x1wa? '

Recall that since F is the fractional area occupied by the in-
terior of the inclusion in the unit cell, F' is bound by unity. Sat-
isfying the conditions of 0 < F' < 1 leads to restrictions on the
susceptibilities at two selected frequencies. For the first condi-
tion £ > 0, it is clear that the permeability is larger than one
and therefore the susceptibility is positive for all frequencies less
than wq, (i.e., w2, p1 > 1 and x2, x1 > 0). Consequently, since

ws > w1, We have
2
w2
w1

The above equation shows an interesting constraint which
limits the ratio of the susceptibility at any two arbitrary fre-
quencies to the square of the ratio of those frequencies. An-
other interesting observation is that the relationship given in (26)
is independent of both physical and geometrical characteristics
of the designed inclusion. Any effort to improve the frequency
bandwidth of the resultant permeability is strictly confined to
this limitation. As an example, suppose ws = 3wy, then x2/x1
cannot be less than 9.

For the second condition, namely, F' < 1, we consider (25)
and after some algebraic manipulations, we have

() < () (u)
wi) T \x1 x2+1/)°

< X2

< . (26)
X1

27)
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or equivalently

B <G e
w1 X1 2%

Since the ratio of (x1 + 1)/(x2 + 1) is always less than one,
the limit achieved in (28) is even stronger than that of (26).
Therefore, the change of susceptibility with frequency is even
more rapid than the square of frequency.

By defining mean permeability p. and central frequency w,,

respectively, as 1
He = 5(#2 + p1)

We = §(w2 +wi)

and 6 and Sp as the deviation of susceptibility and perme-
ability, respectively, (28) can be rewritten as

s s BW \ 2

Xr,+7x Mc_T'u > We + =5— (29
dx S - _ BW !

Xc — 2 He + 2 We 2

In many application BW < w, and 6 < p.. Using these
conditions, (29) can be simplified using first-order binomial ex-

pansions as
( 2 2
we ) _ [ wetBENT & 14 2BW
Wa — - ~14 =
BW .

w1 wWe—

X2 M\ — XchéTX Hc*%
X1/ \hz xe—3 ) \net% )

(1 2)(1-
Xe He

\214_5“(%_%) :1+szc
Substituting (30) in (28) results in

The condition in (31) relates the deviation in the relative per-
meability to the relative bandwidth. Since the bandwidth BW
is inversely proportional to the mean permeability p., there is
a tradeoff between maximizing the effective permeability and
broadening the frequency range in which the smooth deviation
of permeability is obtainable. In fact, for two different designs
with the same relative permeability deviation, wider bandwidth
can be achieved in the design with lower permeability.

Fig. 4 illustrates (31) graphically. For any design, the resul-
tant bandwidth lies in the gray area shown in Fig. 4. As an ex-
ample, for p. equal to 5, requiring the relative permeability de-
viation to be less than 1 percent bounds the relative frequency
bandwidth to 0.125%, and say, for a central frequency of 200
MHz the bandwidths would theoretically be less than 250 kHz.
As a second example, if u. = 2, having 1% deviation in the
permeability leads to a maximum of 0.5% relative bandwidth.

Although first-order terms were used in the Taylor’s expan-
sion in (31), it can be shown that making the approximation
more accurate by including second-order terms in the expan-
sion gives identical conclusions.

B. Lossy Case

By considering loss, the resultant permeability in (20) or the
resultant susceptibility in (17) will have real and imaginary
parts. Since only the real part affects the permeability in the
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Fig. 4. The relative frequency bandwidth is depicted versus the relative perme-
ability deviation. The gray area determines the possible interval for the band-
width. Notice that the slope is inversely proportional to the central susceptibility.

artificial magnetic medium and the imaginary part appears
only when introducing loss in the medium, the deviation with
frequency is mostly important for the real part.

In this section we study the frequency deviation of the real
part only, and in the next section the magnitude of the imaginary
part and methods and limitations to decrease it will be discussed.

As shown in Section I, the resultant permeability can be mod-
eled as the response of an RLC circuit. It is expected that adding
resistance or loss to the system (inclusions) leads to a smoother
frequency response. Therefore, it is expected that the funda-
mental limits achieved for the frequency response of the perme-
ability in Subsection III.A for the lossless case to be sufficient
for the lossy case. To show this, we consider the real part of (17)
as the resultant magnetic susceptibility of the medium. The real
part of the magnetic susceptibility is given by

XmRe(Q;F7P) = Re(XW(QvF7P))
P21 0?)
F4(1 - Q2)* 4+ P23

(32)

Using (23), the real part can be expressed in term of the sus-
ceptibility of the lossless case, X as

FQ? 1
XmRe(Q;F7 P) = 2 { P23 }
1-0Q L+ F1(1—Q2)?
1
m 33
ool rrem 9
where £((2) is defined as
P23 Q3
£(Q) = 7 = o 2 (34)
F4(1-Q2) (1-92)

and a = P/F2

The factor o determines the level of loss in the medium and
therefore we call it the dissipation factor. Since frequencies
below the resonance frequency result in permeability higher
than one, the frequency range 0 < © < 1 is considered to be
the only frequency range of relevance when designing artificial
magnetic permeability that achieves enhanced positive perme-
ability. Therefore, in the context of this work, we focus our at-
tention on this range only.
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The function £(2) has a second-order simple singularity at
the normalized resonance frequency (i.e., @ = 1), thus £(Q2)
approaches infinity as (2 approaches one. The factor « in (34) is
a parameter that scales the magnitude of £(£2) and all its deriva-
tives. Differentiation of £(£2) with respect to 2 gives

de(Q)  ,0*(3+0?)

o = 0oy (35)

In the range 0 < Q < 1, (35) is always positive, therefore,
the function increases monotonically with respect to 2. So, for
Qo > Q4, we have

£(Q2) > £(). (36)
Using (36), (33) leads to
Xmo(£21) — Xmre(S1) _ Xmo(£22) — XmRe(QZ). (37)
Xmpe(£21) XmRe(£22)
Simplification of (37) results in
Xmpe({22) < Xmo(22) (38)

XmRe(21) = Xmo(1)

The inequality in (38) states that the ratio of the magnetic
susceptibility at two different frequencies for the lossless case is
larger than that of the lossy case. This indicates that the magnetic
susceptibility function is flatter for the lossy case than for the
lossless case. Note that the limit achieved in (31) is independent
of the topology of the inclusion.

IV. THE EFFECT OF PHYSICAL AND GEOMETRICAL
PARAMETERS ON DISPERSION AND LOSS

As shown in Section II, all physical properties can be summa-
rized in one parameter, P, and all geometrical properties can be
summarized in one parameter F'. Equation (33) gives the mag-
netic susceptibility and consequently the permeability in terms
of these two parameters, P and F'. Therefore, the study of the
effect of physical and geometrical parameters on the resultant
permeability and its frequency domain behavior will be confined
to F' and P.

A. Real Part of Permeability

Differentiation of (36) with respect to I gives

Opre (4 F) _ Oxge (G F)
aF oF
02(1 - 0?) ((1 —02)* 4 5P2 F*4Q‘?’)

(1027 + 0o 71’

02 14 5£(Q
1-02 \ 1449)
In the frequency range of interest, 0 < €2 < 1, we have
8MR6(Q; F)
—F—= > 0. 40
OF > (40)
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Fig. 5. Real part of the permeability as a function of the normalized frequency,
Q, for different values of F'. The inclusion trace is made of copper and the
dimensions are similar to those reported in [8]: ¢ = b = 0.127 mm, &, =
3.38,6y = 3.028 mm, 6x = 6z = 20 mm.

Therefore, the larger F', the higher the permeability. Since
F' is defined as the ratio of the surface enclosed by the inclu-
sion to the total surface of the unit cell, the contours which pro-
vide higher enclosed surface lead to higher permeability. On the
other hand, the surface of the inclusion and its length are related
to each other through the resonance frequency in (15). Indeed,
they are inversely proportional at a fixed resonance frequency.
Therefore, for all inclusions designed to operate at the same res-
onance frequencies, the ones that provide larger enclosed sur-
face (or larger F') and shorter total length (i.e., perimeter) will
result in higher value for permeability. Fig. 5 shows the real part
of the permeability as a function of {2 for different values of F'.
Furthermore, Fig. 5 shows that an increase in F' leads to a larger
value of the permeability which is expected from (40).

Using (32), the real part of the permeability can be written as
FQ? 1 a1
e (@) @

In (41), £(£2) is a function of P. Taking the derivative of (41)
with respect to P gives

1+

Re() = 1+ Xmpe(Q) =

8/1'Re<Q7P) — 8XmRe <Q7P)
oprP oP
__2 F®* Q)
- P-4 g()?
_ 2 {9 :
= —FmeRe(QF)- (42)

Notice that (42) is always negative for 0 < €2 < 1. Therefore,
by increasing P, we expect the permeability to decrease. How-
ever, what is interesting is that for practical considerations, p is
highly insensitive to changes in P. Fig. 6 shows a plot of 1 vs.
Q, for the case of F' = 0.8 (this case was simply selected as an
example). We observe that as P changes by one order of mag-
nitude, the resultant permeability remains practically constant.
Notice that the curves in Fig. 6 are indistinguishable. This is due
to the fact that in (41), the only part that is a function of P is £(12)
which is much smaller than 1. (Since o« = P/F2, and from (34),
it can be shown that for practical geometries such as those con-
sidered in Table I, £(£2) < 1. Notice that we are assuming that

2351

0.80 0.85

Q

Fig. 6. The real part of permeability for different values of P, the geometrical
parameter F' is assumed to be 0.8. Notice that all curves are almost overlapping.

0.70 0.75 0.90

the upper frequency of interest is not close to the resonance fre-
quency. As the resonance frequency is approached, the curves
in Fig. 7 start to diverge and £(2) is no longer much smaller
than one.)

Table I shows three P values for designs proposed earlier in
the literature. In all cases, the P factor was small, even in some
cases smaller than the numbers we considered for the graph in
Fig. 6.

B. Magnetic Loss Tangent

An important parameter in designing artificial magnetic ma-
terials is the Magnetic Loss Tangent, tan ¢, which represents the
magnetic loss in the medium. In most applications, it is desirable
to have tan 6 as small as possible. In this section, the behavior
of tan § with respect to the geometrical and physical parame-
ters, F' and P, is investigated.

The magnetic loss tangent is defined as

__Im(pw))
tan§ = Relu(@)’ (43)
Using (20), tan § can be rewritten as
_ FOQ?\/€(Q)
R R (0)) [ F R i o -
Differentiating (44) with respect to F', we obtain
J(tan 6) Q21— Q%) (1 — 36(Q))/E(Q)
= - 5 - (45)
oF (T4 &)1 - 92) + FQ?)

In (45), all terms except (1 —3£(€2)), are positive for all values
of F and Q. Since £(Q2) is inversely related to F' [see (34)], tan &
has a local maximum at a specific value of F' denoted as Fiyax-
In Fig. 7, tan ¢ is plotted as a function of F' for different values
of P and (2. Notice that, Fi,,.x, the value of F' corresponding to
maximum tan §, is relatively small compared to unity, meaning
that tan ¢ reaches a maximum when the area of the inclusions
is small in comparison to the area of the unit cell. Since the
permeability approaches unity for small values of F', it is most
desirable to achieve the highest permeability, hence, F'is chosen
to be greater than Fi ..
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TABLE 1
PARAMETERS OF SOME PREVIOUSLY DESIGNED INCLUSIONS

Design | A(mm?) | K | wo(GHz) | P | F
Solenoid [5] 110 2.3 x 1079 0.998 9.8 x 1078 [ 0.11
SRR [4] 100 9.0 x 102! 32.58 4.9 %104 | 0.53
Hilbert-SRR [8] 400 7.5 x 1019 0.981 2.4 x 1072 | 042

0.12 - A — P=0.001,0=05

A « P=001 ,0=05

0.10 - . + P=008 ,Q=05

- P=0.001,2=0.7

0.084 % % < P=001 ,Q=07
o WY s P=008 ,0=07

© "oe % [— P=0001,0=09
o 0064 ° " 001,0Q=0.
5 « P=001 ,0=09
Y s P=0.08 ,0=09

Fig. 7. The magnetic loss tangent, tan 6, as a function of the geometrical pa-
rameter, F', for different values of P and 2.

tan(8)
8

05 06 % 0.8

F

01 02 03 04

Fig. 8. The magnetic loss tangent, tan é, as a function of €2 and F, for P =
0.05.

For designs with F' larger than F},.x, as shown in Fig. 7,
increasing F' leads to a smaller value of tan §. Consequently, an
optimal design is a design with inclusions whose area is close
to the unit cell’s area (£ — 1) which leads to a lower magnetic
loss. Hence, the minimum value of tan 8, achieved at F' = 1, is

N
min(tan §) = tan §|p=1 = 0? Q)= —=P.

T2 (46)

Fig. 8 shows a three dimensional presentation of tan ¢ as a
function of F' and 2. As shown in this figure, the maximum
value of tan § occurs at the lower value of F'. For instance, for an
inclusion with a physical factor P less than 0.002, the maximum
of tan ¢ at any frequency occurs at F' less than 0.2. Moreover,
as F'increases, i.e., the inclusion occupies more area of the unit
cell, the maximum moves to larger €2 and also becomes larger
(from about 10 when 2 and F’ are close to zero, and more than

1' From bottom to Top
" (1) F=09,Q=0.4 (2) F=0.5,Q2=0.4(3) F=09.0=0.6
10 ] (4) F=09,.Q=0.8 (5) F=0.5.Q=0.6 (6) F=0.1,Q=0.4
|0'7 (7) F=0.5.Q2=0.8 (8) F=0.1.2=0.6 (9) F=0.1.Q=0.8
10" 10° 10? 10"

P

Fig.9. The magnetic loss tangent tan é as a function of the physical parameter,
P for different values of F and €2.

35 when Q is 0.8 and F is 0.1). In addition, it can be observed
that as F' approaches unity tan 6 decreases.

To study the effect of physical parameters on loss, we need to
consider the derivative of tan § with respect to P

d(tans) _ FO*VEQ)((1 - E)(1 - 92) + FO?)
op P((1+€@)(1 - 02) + FO2)?

(47)

For a specific value of P, denoted as Ppax, the term (1 —
£(Q)(1 - Q2) + FQ?) vanishes, and tan § reaches a maximum
for a certain value of F' and (2. (It is a simple exercise to show
that tan 6 has only one maximum within the range of P. In
Fig. 9, tan ¢ is plotted as a function of P for different values
of F and €. As shown in Fig. 9, the maximum of tan é function
occurs for values of P much higher than those used in practical
structures.

V. CONCLUSION

In this work, we presented fundamental limitations on the
performance of artificial magnetic materials. The formulation is
based on a circuit model that incorporates the physical behavior
of the inclusion. The permeability and magnetic susceptibility
of the media were formulated in terms of a geometrical param-
eter, I, that represents the geometrical characteristics of the in-
clusions such as area, perimeter and curvature, and a physical
parameters, P, that represents the physical, structural and fab-
rication characteristics of the medium. Fundamental constraints
expressing the effect of the relative permeability on the relative
bandwidth were derived for the lossless and lossy structures. It
is shown that the achieved restriction is general and does not
depend on the shape of the metallic inclusions comprising the
artificial magnetic medium.
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The effect of the physical and geometrical parameters, I and
F, respectively, on the effective permeability of the medium
and the magnetic loss tangent were studied. It was found that
increasing F' increases the effective permeability of the medium,
however, it also leads to increased dispersion. Increasing the
geometrical factor F' was found to decrease the loss. It was also
found that the physical parameter, P has very little impact on
the effective permeability and dispersion; however, it affects the
loss more pronouncedly. Therefore, there is a tradeoff between
increasing the permeability and decreasing the loss on the one
hand, which results from increasing F', and reducing dispersion,
on the other hand by decreasing F'. In other words, designing
inclusions with larger surface area (i.e., increasing F') results
in lower loss and higher value for permeability; however, this
leads to an increase in the rate of change of permeability with
frequency, thus higher dispersion.

The constraints and relations derived in this work can be used
to methodically design artificial magnetic material meeting spe-
cific operational requirements.
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