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Start From Maxwell’s Equations Again

�’ �xB � 0

�’ �x D � r
free

�’ �u E � ��
�wB
dt

�’ �u H � J ��
�wD
dt

and

D � �H0E �� P,  B� �P0H �� M
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Wave Equation in Frequency Domain
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Taylor expend k around k 0:

k � k0 ��
�wk
�w�Z �Z0

(�Z �� �Z0) ��
1
2

�w2k
�w�Z2 �Z0

(�Z �� �Z0)2 ��
1
6

�w3k
�w�Z3 �Z0

(�Z �� �Z0)3 �� ..

Let’s look at the each term:
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Ei
dz

dE

Ei
dz

dE

�Z�Z�E�Z�Z�E

�Z�Z�E�Z�Z�E

dE(z,t)
dz

�� i �E1i
�w
�wt

��
1
2

�E2i
2 �w2

�wt2

�ª��

�¬���«��
�º��

�¼���»��E(z,t) � 0

dE(z,t)
dz

�� �E1
�wE(z,t)

�wt
��

i
2

�E2

�w2E(z,t)
�wt2 � 0

now by making the transformation, T = t -�E1z

d
dt

� 
d
dT

dT
dt

� 
d

dT

d
dz

� 
d
dz

dz
dz

��
d

dT
dT
dz

� 
d
dz

�� �E1

d
dT

the equation becomes

dE
dz

��
i
2

�E2

�w2E
�wT2 � 0

which is the standard dispersion equation.

Inverse Fourier Transform           Time Domain
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d
dz

E(�Z)�³ e��i�ZTd�Z � 
d2

dT2 ��
i
2

�E2E(�Z)�³ e�� i�ZTd�Z

dE
dz

e�� i�ZTd�Z � �³ ��
i
2

�E2E(�Z)
d2

dT2�³ e��i�ZTd�Z

dE
dz

e�� i�ZTd�Z � �³
i
2

�Z2�E2E(�Z) e��i�ZTd�Z�³

dE
dz

� 
i
2

�Z2�E2E(�Z)

This can be easily solved

E(z,�Z) � E 0,�Z�� ��e
i
2

�Z2�E2 z

Solve it in Frequency Domain:
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Example: Gaussian Pulse
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E z,T�� ��� �W
(�W2 �� i �E2z)

E0e
��

T2

2(�W2 ��i�E2z)

( �W2 ��i�E2 z)

( �W2 ��i�E2 z)

E z,T�� ��� �W
(�W2 �� i �E2z)

E0e
��

T2

2(�W2 ��i�E2z)

( �W2 ��i�E2 z)

( �W2 ��i�E2 z)

E z,T�� ��� �W
(�W2 �� i �E2z)

E0e
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T2 ��i�E2 z
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Dispersed Gaussian Pulse
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E z,T�� ��� E'
0e

��
T2 ��i�E2 z

T2

�W2

2�W'

E z,T�� ��� E'
0e
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1�� i

�E2

�W2
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�§��
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E z,T�� ��� E'
0e
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2�W'
1�� iC�� ��

C, is called chirp parameter is related to
the time-bandwidth product as

�' �Z�W' � 1�� C2�� ��1/ 2
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