The Johns Hopkins University 520.353 - Control Systems
Electrical & Computer Engineering Department Fall 2008

Solutions to Homework #2
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Figure 1: Labeling of nodes for circuit in Problem # 1

e Consider the circuit with nodes labeled as shown in Figure 1. Applying Kirchoff’s current law at

node 2, we have:

d(Va=V1) , ,d(Va—V5) , 2Vp

C 7 +C g 7= 0 (1)
Applying Kirchoff’s current law at node 3, we have:
1 d(Vy — V3)
—Va—=Vy) =C—"—F—=
7 (Vs —V4) o (2)
Applying Kirchoft’s current law at node 4, we have:
Vi—-V1 Vu—=V5 aVy
7 + 7 +2C = = 0 (3)

The above set of 3 coupled ODEs describe the system with 3 variables, Vo, V3 and V4. Voltage
V1, being an input of the system, is given.
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e Taking the (unilateral) Laplace transform of (1), (2) and (3) respectively, assuming 0 initial
conditions, we have:

(% +2C's)Va(s) — CsVs(s) — CsVi(s) =0 (4)

1 1
—CsVa(s) + (E +Cs)V3 — 7Va=0 (5)

1 2 1
— 5Vt (5 +205)Va— £ Vi(s) =0 (6)

Solving (4) for Vi(s) in terms of Vi(s) and V3(s), we get:
RC's RC's
-y, vt
30+ ros) ) T 2as Re
Plugging into (5) and solving for Vi(s) in terms of Vi(s) and V3(s), we get:

(RCs)? (RCs)?
Vi(s) = —————=—V] 1+ RCs — —————)V-
18) = =50 ey 1) H L RO = o egy 1)
Finally, plugging this expression into (6) and rearranging the terms we get:
_ 1+ (RC)%s?
"~ 14+4RCs + (RC)2s?

Thus the system with input V; and output V5 has transfer function:

Va(s) Va(s)

Vs(s) Vi(s)

2 2
s“+a 1
H = V"% h = —
(5) 52 4+ das + a2’ where a RC

Remark: Note that we started out with 3 ODEs in the first part, yet the transfer function obtained
in this part is a second order transfer function. This is due to pole-zero cancellations.

e Note that H(s) has two real poles in the O.L.H.P. at (=2 — v/3)a and (-2 + v/3)a and a pair of
complex zeroes on the imaginary axis at tai. Also note that unlike in the previous homework,
the transfer function is proper but not strictly proper. We therefore begin by rewriting H(s) as
the sum of a constant and a strictly proper rational transfer function:

4as
Hs) =1 - s v o2
Next, we decompose the second term (the strictly proper part) as a partial fraction expansion:
4as das
2tdas+a?  (s+(2+v3)a)(s+ (2—V3)a)

a b
s+(2+\/§)a+s+(2—\/§)a

4+2\/§a 2v3 -4

where a = and b = ————a. We can now compute the impulse response of the
\/g \/5 p p 1%
System as:
h(t) = 5(t) + ae~ETV3)at | pe—(2-V3)at
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e Consider state variables x1, x2 and z3 defined as

r = Vo—-W
o = Vo—V3
3 = Wy

By denoting the input voltage Vi by the variable u, noting that Vs = 1 — xo + u , substituting
the expressions for Vi, Vo, V3, V4, and Vo — V3 in terms of the state variables and u in equations
(1)-(3), and rearranging, we get:

T1+ T2 + 20&(1’1 + ’LL) =0 (7)
9 = a(r] — 9 +u) — auws (8)
2t = —2axs + au + a(r) — x2 + u) (9)

Plugging in the expression for @2 from (8) back into (7) and rearranging we get the following
state-space description of the system:

T -3« o' o' T -3«
To = « — — T2 | + o' U
I3 12 —1/2a -« x3 o'
Mo
Yy = [ 1 -1 0 ] To | +u
T3

Remark: Comparing the number of state variables (8) in this description to the order of the transfer
function (order =2) obtained in part 2 of this exercise, we notice a discrepancy. The realization
given here is in fact "non-minimal”. We defer further discussion until later in the course.

Problem 2

e Recall that the zeroes of H(s) are the roots of the polynomial s + 2 while the poles are the roots
of the polynomial (s + 3)(s? + 2s + 2). Thus the system has a real zero at s = —2, a real pole at
s = —3 and a pair of complex conjugate poles at s = —1 + 4.

e Since H(s) is a stable transfer function (all its poles are in the open left half plane), its DC gain,
1/3, is the steady state value of its step response.

e The Laplace transform of the output signal corresponding to input u(¢) = sint is given by:

s+ 2
(s+3)(s2+2s+2)(s2+1)
1 1 N 1 145 + 16 + 1 9-13s
50 s+3 50 s2+2s+2 50 s2+1
1 1 s+ 1 1 s 1
—(-—— 2 ~13 95—
50( 5+3Jr (S+1)2+1+ (s+1)2+1 s2+1+ s2+1

Y(s) =
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Hence the output is given by:

1
y(t) = %<—e*3t+14e*tcost+2e*tsint—13008t+951nt>,tzo
1
= %< —e 3 4 (14e7t — 13) cost + (2e 1 +9) sint), t>0

Problem 3

e NO. The system has memory as the instantaneous value of u at time ¢, u(t), is not sufficient to
compute y(t).

e YES. Let y; and y2 be the outputs of the system corresponding to inputs u; and us, respectively.
For any scalars a; and ag, the output of the system to input ajuq(t) + agua(t) is given by:

y(t) = /0(><> e_(t_T)(alul(T) + aoug(T))dT

= al/ e(tT)ul(T)dT-i-ag/ ef(th)UQ(T)
0 0
= a1yi(t) + agya(?t)

which satisfies the principle of superposition.

e YES. Let y,(t) be the response of the system to some input u,(t), and let’s compute the system
response § to a shifted input u,(t — 7). We have

7 = / e~y (r — T)dr
0

= / e T "Dy (7Y dr!

-T

- / e @ (!
0

= yo(t_T>

where the second equality follows by a change of variable 7/ = 7—T and the third equality assumes
that only right-sided input signals are allowed, which is reasonable in this setting.

e NO. We have
y(t) = / ef(tff)u(T)dT

0
t o0
= /C(tT)U(T)dT—F/ e u(r)dr
0 t

It is clear from the second term that the value of y at time ¢ depends on future values of the input.
Hence the system is not causal.
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